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Notation 
 
cA  = area of the concrete prism cross section 
fA  = area of the strip’s cross section 
sfA  = constant entering the expression to determine the amount of transfer length undergoing 
the softening friction bond phase 
eA  = constant entering the expression to determine the amount of transfer length undergoing 
the elastic bond phase 
sA  = constant entering the expression to determine the determine the amount of transfer 
length undergoing the softening bond phase 
sfB  = constant entering the expression to determine the softening friction transfer length 
eB  = constant entering the expression to determine the elastic transfer length 
sB  = constant entering the expression to determine the softening transfer length 
fsC1  = first integration constant for the free slipping phase 
fsC2  = second integration constant for the free slipping phase 
eC1  = first integration constant for the elastic phase 
eC2  = second integration constant for the elastic phase 
sfC  = constant entering the expression to determine the softening friction transfer length 
sC  = constant entering the expression to determine the softening transfer length 
sC1  = first integration constant for the softening phase 
sC2  = second integration constant for the softening phase 
sfC1  = first integration constant for the softening friction phase 
sfC2  = second integration constant for the softening friction phase 
cE  = concrete Young’s modulus 
fE  = strips’ CFRP Young’s modulus 
1J  = constant present in the governing differential equation with unknown ( )xδ  
2J  = constant present in the equation necessary to determine ( )xfσ  
3J  = constant present in the equation necessary to determine ( )xτ  
fiL  = i-th strip available bond length 
( )nncfi qtL ;  = height of the concrete semi-cone in correspondence of the i-th strip  
pL  = effective perimeter of the strip cross section 
( )nnRfi qtL ;  = i-th strip resisting bond length 
( )LiRfiitr LL δ;,  =  transfer length of the i-th strip for the relevant imposed slip and current value of the 
resisting transfer length 
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( )LitrL δ  = total transfer length for an infinite bond length 
1trL  = maximum invariant value of transfer length that can be subject to elastic bond phase  
2trL  = maximum invariant value of transfer length that can be subject to softening  
3trL  = maximum invariant value of transfer length that can be subject to softening friction  
( )LifstrL δ  = amount of a transfer length for an infinite bond length undergoing free slipping 
( )LietrL δ  = amount of a transfer length for an infinite bond length undergoing elastic phase 
( )LisftrL δ  = softening frictional amount of a transfer length for an infinite bond length 
( )ListrL δ  = amount of a transfer length for an infinite bond length undergoing softening 
OXYZ  =  crack plane reference system 
l
i
l
i XO  = reference axis along the i-th strip available bond length fiL  
cV  = vertex of the i-th concrete semi-cone 
( )licffi XV  =  progressive concrete strength along the i-th strip 
( )triLiRfibdfi xLV ;;δ  =  progressive value of the force transferred to concrete by the i-th strip 
( )LiRfibdfi LV δ;  = actual value of force transferred to concrete by bond in correspondence of the i-th strip 
( )LiebdV δ,  = force transferred by bond in the elastic phase for an infinite bond length 
( )LisbdV δ,  = force transferred by bond in softening phase for an infinite bond length 
( )LisfbdV δ,  = force transferred by bond in the softening friction phase for an infinite bond length 
dbV1  = value of force transferred by bond along the elastic transfer length 1trL  
dbV2  = value of force transferred by bond along the softening transfer length 2trL  
dbV3  = value of force transferred by bond along the softening friction transfer length 3trL  
fiX  =   position of the i-th strip along the CDC 
ca  = concrete prismatic specimen thickness 
fa  = strip cross section’s thickness 
cb  = concrete prismatic specimen width 
fb  = strip cross section’s width 
ctmf  = concrete average tensile strength 
fsfs xo  = reference axis along the amount of the infinite strip in free slipping bond phase 
ee xo  = reference axis along the amount of the infinite strip in elastic bond phase 
ss xo  = reference axis along the amount of the infinite strip in softening bond phase 
sfsf xo  = reference axis along the amount of the infinite strip in softening friction bond phase 
tr
i
tr
i xo  = reference axis along the strip’s transfer length the loaded end 
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eq  = iteration in correspondence of which equilibrium is attained 
nq  = n-th iteration 
0t  =  load step of formation of the critical diagonal crack 
1t  =  load step in correspondence of which the critical diagonal crack starts widening 
nt  = generic n-th load step 
( )xuc  = punctual displacement of the concrete surrounding the strip 
( )xu f  = punctual displacement of the strip 
fsx1  = first integration point for calculating the slip along free slipping bond 
fsx2  = second integration point for calculating the slip along free slipping bond 
ex1  = first integration point for calculating the force transferred by elastic bond 
ex2  = second integration point for calculating the force transferred by elastic bond 
sx1  = first integration point for calculating the force transferred by softening bond 
sx2  = second integration point for calculating the force transferred by softening bond 
sfx1  = first integration point for calculating the force transferred by softening friction bond 
sfx2  = second integration point for calculating the force transferred by softening friction bond 
α  = angle between the axis and the generatrices of the i-th concrete semi-cone 
β  = constant entering the governing differential equation for the softening phase 
ϕ  = angle necessary to determine the softening-subject amount of transfer length 
( )xδ  = slip along the strip’s length 
1δ  = slip corresponding to peak of local bond stress-slip relationship 
2δ  = slip corresponding to start of softening-friction in the local bond relationship 
3δ  = slip corresponding to the start of free-slipping in the local bond stress-slip relationship 
( )fiLiFi L;δδ  = free end slip for the case of a finite bond length 
Fiδ  = slip at the free extremity of the i-th strip 
( )[ ]finLi Xt ;γδ  = imposed slip at the loaded extremity of the i-th strip 
( )fsfs xδ  = slip-abscissa relationship along the amount of transfer length in free slipping phase 
( )ee xδ  = slip-abscissa relationship along the amount of transfer length in elastic phase 
( )ss xδ  = slip-abscissa relationship along the amount of transfer length in the softening phase 
( )sfsf xδ  = slip-abscissa relationship along the amount of transfer length in the softening friction 
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( )ntγ  = critical diagonal crack opening angle 
γ&  = imposed angle increment for the critical diagonal crack 
λ  = constant entering the governing differential equation for the elastic phase 
θ  =  shear crack inclination angle 
( )δτ  = local bond stress-slip relationship  
( )xτ  = bond stress along the strip’s length 
0τ  = adhesive-cohesive initial bond strength 
1τ  = peak stress of the local bond stress-slip relationship 
2τ  = shear strength at the beginning of softening-friction of local bond 
( )xfσ  = strip’s axial stress 
( )xcσ  = concrete axial stress 
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1 Introduction 
The most recent works devoted at appraising the potentialities of the technique of Near Surface Mounted (NSM) FRP 
strips for the shear strengthening of Reinforced Concrete (RC) beams (Dias and Barros 2006, De Lorenzis and Rizzo 
2006) spotlighted the occurrence of a failure mode consisting of the progressive detachment of the concrete cover from 
the core of the beam. That eventuality was even more evident in the case of low strength concrete (Dias et al. 2007). A 
successive analytical investigation (Bianco et al. 2007a) demonstrated that this occurrence can be ascribed to the semi-
conical fracture of concrete surrounding each NSM strip. When the principal tensile stresses transferred to the 
surrounding concrete exceed its tensile strength, concrete fractures along the surface envelope of the compression 
isostatics. It was also outlined (Bianco et al. 2006, Bianco et al. 2007b) that, in order for a modeling strategy to be 
comprehensive, it is also necessary to envisage that NSM strips might fail by debonding or tensile rupture. In fact, when 
concrete mechanical properties are high or the interaction between subsequent strips low and for longer bond lengths, 
failure may be governed by either loss of bond or tensile rupture. The term “debonding” is adopted to designate failure 
occurring within the adhesive or just a few millimeters inside the surrounding concrete. Bianco et al. (2006) also 
developed an analytical model for predicting the NSM CFRP strips shear strengthening contribution taking into account 
the above failure modes. In that occasion, the modeling strategy adopted to simulate the concrete fracture failure mode 
was developed in closed form resulting robust and rational. The strategy adopted to simulate the possibility of 
debonding, was, however, based on analytical expressions deduced by regression of experimental recordings. That part 
of the analytical model results not scientifically rigorous and, therefore, susceptible of improvements. Moreover, among 
the possible failure modes affecting the behavior, at ultimate, of an NSM CFRP strip, a mixed failure mode composed 
of a shallow semi-cone plus debonding should be also taken into consideration, see Fig. 1.1. The purpose of the present 
work is to further address the issue of the debonding process deducing closed-form analytical expressions to be 
implemented in the framework of the already existing analytical model. Furthermore, the above mentioned analytical 
model also needs to be improved by including kinematic compatibility since it assumes that all of the strips crossing the 
critical diagonal crack reach their ultimate state simultaneously, which is not properly the case of a system of FRPs 
bridging a shear crack (Monti and Liotta 2007).  
 
Fig. 1.1 – Possible failure modes affecting an NSM FRP strip: (a) debonding, (b) strip tensile 
rupture, (c) concrete semi-conical fracture, (d) mixed shallow semi-cone plus debonding. 
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2 Unified approach for modeling the NSM strips contribution for shear 
strengthening RC beams 
2.1 The algorithm 
During the loading process of a RC beam subject to shear, when the concrete average tensile strength ctmf  is exceeded 
at the web intrados, some shear cracks originate therein and successively progress towards the web extrados. Those 
cracks can be thought of as a single, concentrated, critical diagonal crack (CDC) inclined of an angle θ  with respect to 
the beam longitudinal axis, see Fig. 3.1. 
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Fig. 3.1 – Lateral view of the strengthened side of the web. 
 
The CDC can be schematized like an inclined plane slicing the web into two portions sawn together by the crossing 
laminates. It is possible to single out, for each i-the laminate crossing the CDC, the relevant “available bond length” 
fiL , that is the shorter between the two parts in which the crack divides it. At the load step 1t  the two parts into which 
the web is divided start to move apart swiveling around the crack end. From that step on, by increasing the applied load, 
the opening angle of the CDC ( )ntγ  progressively widens. In that way, the extremities liO  of the available bond lengths 
lying on the CDC start being subjected to an increasing imposed slip ( )[ ]finLi Xt ;γδ  that is function of both the load 
step nt , and the position of the laminate along the crack fiX . In correspondence of each constant value of the 
incremental angle ( )ntγ , the behavior of the structural system composed of the strips, the adhesive layer and the 
surrounding concrete is extremely complex. Nonetheless, that behavior can be easily explained by taking into 
consideration the simplified case of strips orthogonal to the CDC and placed at a large spacing between each other so as 
to exclude the presence of interaction among them. That particular case lets attention be focused on i-th strip only 
(Fig. 3.2). The above mentioned behavior can be described by an iterative process aiming at determining, for a given 
value of ( )ntγ , the state of equilibrium of the structural system involved. The n-th iteration is indicated by nq  ranging 
from 1q  (first iteration) to eq  (iteration in correspondence of which equilibrium is attained). Each strip opposes the 
widening of the crack by anchoring to the surrounding concrete to which it transfers, by bond, the force that originates 
in its loaded extremity due to the imposed slip. 
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Fig. 3.2 – Formation of the concrete semi-conical fracture surface for the first imposed slip and iterative search for 
equilibrium: a) bond-transferred force bdfiV  exceeding concrete tensile strength 
cf
fiV , b) second iteration and inward 
movement of the point of application of the imposed slip, c) third iteration and equilibrium attainment, d) concrete fracture 
strength ( )licffi XV . 
 
Within each iteration nq , it is possible to single out, for each i-th strip, the following quantities: 
• ( )nnRfi qtL ;  the “resisting bond length” i.e. the current amount of fiL  that still results embedded in the 
concrete core of the beam web; 
• ( )nncfi qtL ;  the “concrete semi-cone height” i.e. the amount of fiL  in correspondence of which the surrounding 
concrete has fractured along a semi conical surface; 
• ( ) ( )[ ]nnRfinLiitr qtLtL ;;, δ  the “transfer length” i.e. the amount of RfiL  along which the i-th strip transfers the 
corresponding force bdfiV  to the surrounding concrete; 
• ( ) ( )[ ]trinnRfinLibdfi xqtLtV ;;;δ  the progressive value of the force transferred by bond to the surrounding 
concrete along itrL , , where 
tr
ix  represents the reference axis along itrL , . 
• ( ) ( )[ ]nnRfinLibdfi qtLtV ;;δ  the actual value of the force transferred by bond to the surrounding concrete along 
itrL , , given by ( ) ( )[ ]itrnnRfinLibdfi LqtLtV ,;;;δ . 
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When the i-th strip is subjected to the first imposed end slip ( )1tLiδ , the resulting force ( ) ( )[ ]111 ;; qtLtV RfiLibdfi δ  is 
transferred to the surrounding concrete by bond along the corresponding transfer length ( )11, ;qtL itr  that results equal to 
fiL . The progressive value of that force along the corresponding transfer length, has to result, to assure equilibrium, 
lower than the concrete strength. The progressive strength offered by concrete ( )licffi XV  is obtained by spreading the 
average tensile strength ctmf  throughout the resulting semi-conical surface with vertex in 
l
iX , integrating and 
projecting in the laminate direction (Fig. 3.2d), where li
l
i XO  is the reference axis along the available bond length of the 
i-th strip. For the simplified case of absence of interaction between adjacent strips and strips orthogonal to the crack, the 
progressive value of the concrete tensile strength is given by (Bianco et al. 2006): ( ) ( )222 lictmlicffi XtgfXV ⋅⋅⋅= απ , 
where α  is the angle between the axis and the generatrices of the semi-conical surface (Fig. 3.2d). If along the transfer 
length, scanned from the loaded end inward, the progressive value of the force transferred to the surrounding concrete 
( )tribdfi xV  exceeds the corresponding progressive value of the concrete strength ( )licffi XV , concrete fractures. A 
semi-conical shaped macro-crack results, whose vertex cV  is in the innermost point in which it results 
( ) ( )licffitribdfi XVxV ≥ . For the example of Fig. 3.2, since equilibrium has not been attained yet, it is necessary to iterate. 
The force transfer mechanism skips inward to the remaining embedded part of the laminate ( )21;qtLRfi  (Fig. 3.2b) and 
again, if along it the progressive value of the force transferred exceeds the concrete tensile strength, another 
semi-conical shaped macro crack forms and a further slice detaches from the inner concrete. This process continues 
until, for the unchanged value of the imposed slip, equilibrium is reached within concrete (Fig. 3.2c). At the successive 
increments of imposed slip, that process recurs and further semi-conical cracks might occur as spotlighted by Fig. 3.3, 
in which progressively thicker lines represent the force transferred by bond to concrete along the corresponding transfer 
length for increasing values of the imposed slip. It can happen that, for a certain value of the imposed slip, after 
formation of a series of semi-conical shaped concrete slices, the left amount of embedded length fails by debonding 
(Fig. 3.4). This justifies the possibility of a mixed shallow cone plus debonding failure mode as spotlighted in the case 
of adhesive anchors (Cook et al. 1998). At the same time, and especially for a short bond length, the process of 
formation of consecutive semi-conical shaped slices of concrete can reach the free end so as, at ultimate, an overall 
semi-cone of concrete forms, whose height results to be as long as the initial available bond length (Fig. 3.5). It arises 
that the spacing between successive semi-conical macro cracks also depends on the magnitude of the CDC angle 
increment rate γ& . When equilibrium is attained, each strip contribution is equal to the minimum among the bond 
transferred force ( )enbdfi qtV ; , the concrete strength ( )encffi qtV ;  and the laminate tensile strength trfiV .  
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Fig. 3.3 – Formation of successive concrete semi-conical fracture surfaces: a) variation of the force transferred for increasing values of the imposed 
slip and b) equilibrium configuration. 
 
Fig. 3.4 – Mixed shallow semi-cone plus debonding failure mode: a) variation of the force transferred to concrete for increasing values of the 
imposed slip and b) configuration of the NSM laminate at ultimate. 
 
Fig. 3.5 – Concrete semi-conical fracture failure mode: a) variation of the force transferred to concrete for increasing values of the imposed slip and 
b) configuration of the NSM laminate at ultimate. 
 
In the case in which the simplified hypothesis of large spacing among laminates is abandoned, strips interact with each 
other and the relevant the semi-conical fracture surfaces overlap (Fig. 3.6). When the interaction between adjacent strips 
cannot be neglected and when they do not result orthogonal to the crack plane, the calculation of the concrete tensile 
strength contribution ( )nnlicffi qtXV ;;  complicates. A closed form algorithm is adopted to calculate that strength as 
function of the several parameters involved i.e.: ( ) ( )[ ]fnncjwwfctmnnlicffi NjqtLbhsffqtXV ,..1;;;;;;;;;; =∀= βθα  
where fs  is the spacing between strips measured along the beam axis, wh  and wb  the height and width of the web and 
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fN  the number of strips crossing the crack. For the sake of brevity, the details of the aforementioned algorithm are 
herein omitted but they can be found elsewhere (Bianco et al. 2006 and 2007c). 
 
Fig. 3.6 – Interaction between adjacent strips: inside view of the fracture 
surface resulting from the overlapping of semi-conical fracture surfaces on one 
side of the web. 
. 
 
2.2 Pure Debonding Model 
As stressed above, the modeling strategy adopted to simulate the loss of bond of the NSM strips, in the ambit of the 
analytical model developed by Bianco et al. (2006) to calculate the NSM shear strength contribution to RC beams is 
susceptible of improvements. The understanding and analytical modeling of debonding affecting the behavior of 
externally bonded FRPs has reached to date, a high level of accuracy (Monti et al. 2003, Yuan et al. 2004, Mohammed 
Ali et al. 2006). As regards more specifically the case of NSM strips it arises, from the most recent works (Sena-Cruz 
2004, Sena-Cruz and Barros 2004, Borchert and Zilch 2007), that debonding is more complicated, mainly because of 
the higher number of parameters it depends on. Moreover, several aspects still need to be clarified. In the present work, 
the main purpose to improve a shear-devoted analytical predictive model already existing, prompted the authors to 
further address some of those aspects and to provide a new interpretation of the phenomenon. By analyzing the most 
recent specialized publications, regarding the newest findings in terms of employment of high performance adhesives in 
technical applications (see, for instance: Sekulic and Curnier 2006, Zhai et al. 2007), it arises that, due to the relevant 
novelty of those materials, a lot of aspects still need to be clarified, even from a micro-structural and chemical 
standpoint. In that scenario, a new interpretation of the phenomenon of loss of bond for an NSM CFRP strip is provided 
by putting forward some hypotheses that should be further confirmed, a posteriori, also by means of more specialized 
contributions. 
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3 Governing Equations 
The equations reported hereafter, are derived referring to a typical push-pull test of a CFRP strip near surface mounted 
on a prism of concrete. The width and thickness of the strip are denoted by fb  and fa  respectively, those of the 
concrete prism by cb  and ca  respectively. The Young’s modulus of the strip and concrete is fE  and cE  respectively. 
Based on equilibrium considerations, the following fundamental equations can be found: 
( ) ( ) 0=⋅−
f
pf
A
L
x
dx
xd τσ  (3.1) 
( ) ( ) 0=⋅+⋅ ccff AxAx σσ  (3.2) 
where ( )xτ  is the shear stress acting on the surface of the strip, ( )xfσ  is the axial stress in the strip, ( )xcσ  is the axial 
stress in the concrete prism, fA  ( ff ba ⋅ ) and cA  ( cc ba ⋅ ) are the area of the cross section of the strip and concrete 
prism, respectively, and pL  is the effective bond perimeter of the cross section i.e.: 
ffp abL +⋅= 2  (3.3) 
The constitutive equations for the adhesive layer and the two adhering materials can be written as: 
( )δττ =  (3.4) 
dx
du
E fff ⋅=σ  (3.5) 
dx
du
E ccc ⋅=σ  (3.6) 
The interfacial slip δ  is defined as the punctual relative displacement between the two adhering materials, that is: 
( ) ( ) ( )xuxux cf −=δ  (3.7) 
From Eq. 3.2 it is: 
dx
d
A
A
dx
d
A
A c
f
cf
f
cc
f
σσσσ ⋅−=→⋅⋅−=  (3.8) 
  and, introducing Eq. 3.6 it becomes: 
⎟⎠
⎞⎜⎝
⎛⋅⋅−=
dx
du
dx
dE
A
A
dx
d c
c
f
cfσ  (3.9) 
From Eq. 3.7 it is: 
( ) ( ) ( )xxuxu fc δ−=  (3.10) 
Introducing Eq. 3.10 into Eq. 3.9, it becomes: 
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⎟⎟⎠
⎞
⎜⎜⎝
⎛ −⋅⋅−=
dx
d
dx
du
dx
dE
A
A
dx
d f
c
f
cf δσ  (3.11) 
and, since from Eq. 3.5 it is: 
f
ff
Edx
du σ=  (3.12) 
Then Eq. 3.11 becomes: 
⎟⎟⎠
⎞
⎜⎜⎝
⎛ −⋅⋅−=
dx
d
Edx
dE
A
A
dx
d
f
f
c
f
cf δσσ  (3.13) 
and solving it with respect to dxd fσ  we obtain: 
2
2
1
1
dx
d
EA
EAA
EA
dx
d
ff
ccf
ccf δσ ⋅
⎥⎥⎦
⎤
⎢⎢⎣
⎡
⋅
⋅+
⋅⋅=  
(3.14) 
Introducing Eq. 3.14 into Eq. 3.1 it results: 
( ) 012
2
=⎟⎟⎠
⎞
⎜⎜⎝
⎛
⋅+⋅⋅− cc
f
ff
p
EA
A
EA
L
x
dx
d τδ  (3.15) 
That can be rewritten as follows: 
( )[ ] 012
2
=⋅− Jx
dx
d δτδ  (3.16) 
with: 
⎟⎟⎠
⎞
⎜⎜⎝
⎛
⋅+⋅= cc
f
ff
p
EA
A
EA
L
J 11  (3.17) 
Eq. 3.16 is the governing differential equation that can be solved for whatever boundary conditions once the local bond 
stress-slip relationship is reliably known. 
Once the relationship ( )xδ  has been determined, the expressions for the stress in the strip and the tangential stress 
along this latter can be deduced as hereafter reported. 
Introducing Eq. 3.7 into Eq. 3.5, we obtain: 
( ) ( )[ ] ⎥⎦
⎤⎢⎣
⎡ +⋅=+⋅=
dx
du
dx
dExux
dx
dE cfcff
δδσ  (3.18) 
and, introducing Eq. 3.6, it becomes: 
⎥⎦
⎤⎢⎣
⎡ +⋅=
c
c
ff Edx
dE
σδσ  (3.19) 
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but since from Eq. 3.2 it is: 
 
c
ff
c A
A⋅⋅−= σσ  (3.20) 
former Eq. 3.19 becomes: 
dx
dE
AE
AE
f
cc
ff
f
δσ ⋅=⎥⎦
⎤⎢⎣
⎡
⋅
⋅+⋅ 1  (3.21) 
that can be rewritten like: 
( )
dx
dJxf
δσ ⋅= 2  (3.22) 
with: 
ffcc
ccf
AEAE
AEE
J ⋅+⋅
⋅⋅=2
 
(3.23) 
Likewise, from Eq. 3.1 it is: 
( ) ( )
dx
xd
A
L
x f
f
p στ =⋅  (3.24) 
but, from previous Eq. 3.21, it is: 
2
2
dx
d
AEAE
AEE
dx
d
ffcc
ccff δσ ⋅⋅+⋅
⋅⋅=  (3.25) 
thus, Eq. 3.24 becomes: 
( ) 2
2
dx
d
AEAE
AEE
L
A
x
ffcc
ccf
p
f δτ ⋅⋅+⋅
⋅⋅⋅=  (3.26) 
that can be rewritten like: 
( ) 2
2
3 dx
dJx δτ ⋅=  (3.27) 
with:  
( )ffccp ccff AEAEL
AEAE
J ⋅+⋅⋅
⋅⋅⋅=3  (3.28) 
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4 Local bond-stress-slip relationship 
The local bond stress-slip relationship herein proposed to simulate the subsequent phases undergone by bond during the 
loading process is composed of four different linear branches (Fig. 4.1). Those phases, representing the physical 
phenomena occurring in sequence within the adhesive layer by increasing the imposed end slip, are: “elastic”, 
“softening”, “softening friction” and “free slipping”. 
 
 
Fig. 4.1 – Proposed local bond stress-slip relationship: relevant phases of the 
failure occurring within the adhesive layer. 
 
The first rigid branch represents the overall initial shear strength of the joint, independent of the deformability of the 
adhesive layer and attributable to the micro-mechanical and chemical properties of the involved materials and 
interfaces. In fact, the parameter 0τ  is the average of the following physical entities encountered in sequence by forces 
flowing from the strip to the surrounding concrete, i.e.: adhesion at the interface between strip and adhesive, cohesion 
within the adhesive itself and adhesion at the interface between adhesive and concrete. Up to the peak strength 1τ , a 
macro-mechanical strength due to the adhesive layer deformability adds to the constant adhesive-cohesive strength. 
That macro-mechanical strength due to the deformability of the intact adhesive layer can be conveniently modeled by a 
linear elastic behavior. Approaching the peak strength, the adhesive fractures along diagonal planes orthogonal to the 
traction isostatics as outlined by Sena-Cruz and Barros (2004) by means of post-test optical microscope photos. During 
the subsequent softening phase, force is transferred from the strip to the surrounding concrete by the resulting diagonal 
micro-struts. Anyway, throughout the softening phase, by increasing the imposed slip, concrete present at the 
extremities of those struts progressively deteriorates so as, increasing the imposed slip, micro-cracks parallel to the strip 
start to appear at both the strip-adhesive and adhesive-concrete interfaces. Approaching the softening friction phase, the 
resisting mechanism is gradually substituted by friction and micro-mechanical interlock along those resulting 
micro-cracks. Nonetheless, even those mechanisms undergo softening due to progressive material degradation. When 
even the resisting force provided by friction has exhausted, those micro-cracks result smooth discontinuities. The free 
slipping phase follows, during which the strip goes on being pulled out without having to overcome any opposing 
restraint left. For computational ease, also the softening and softening frictional behaviors are modelled as linear. The 
resulting analytical relationship is the following: 
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( ) ( )
( )
⎪⎪
⎪⎪
⎩
⎪⎪
⎪⎪
⎨
⎧
>
≤<−⋅−−
≤<−⋅−
−−
≤≤⋅−+
=
3
322
23
2
2
211
12
21
1
1
1
01
0
0
0
δ         δ                                        
δδ  δ          δδ
δδ
τ
τ
δδ δ          δδ
δδ
ττ
τ
δδ             δ         
δ
ττ
τ
δτ  (4.1) 
 
Among those parameters defining the local bond stress-slip relationship, the adhesive-cohesive term 0τ  is the one that 
more markedly depends on the micro-mechanical and chemical properties of the composite, of the adhesive and the 
concrete surfaces. For a better characterization of the influence of those aspects, a closer scale investigation is deemed 
as necessary. Moreover, all of the parameters defining the local bond stress-slip relationship should not be considered as 
having universally valid values but, on the contrary, should be determined on the basis of the mechanical-chemical and 
geometrical parameters characterizing the specific case at hand. Hereinafter, the entire debonding process is described 
deriving the relevant analytical expressions and referring to a classical push-pull test of an NSM CFRP laminate. 
 
5 Debonding process for an infinite bond length 
The entire debonding process affecting the behavior of an NSM strip is herein described distinguishing the several 
successive phases and referring to an infinite bond length. Those phases are singled out according to the value of the 
imposed slip and with respect to the assumed local bond stress-slip relationship. 
 
(x )ee
V       (x  )bd,e e
(x )ss
V       (x  )bd,s s
(x )ee (x )ss
(x )ee (x )ss
0
1
1
Ltr1
(x )ee
V       (x  )bd,e e
(x )ee
(x )ee
0
a) b) c)
(x )ee
V       (x  )bd,e e
(x )ss
V       (x  )bd,s s
(x )ee (x )ss
(x )ee (x )ss
0
1
2
1 2
Ltr1 Ltr2
(x )sfsf
(x )sfsf
(x )sfsf
V        (x   )bd,sf sf
 
Fig. 5.1 – Debonding process for an infinite bond length: distribution of slip, bond stress, laminate axial stress and force transferred to the surrounding 
concrete along the transfer length for the bond phases: elastic a), softening b) and softening friction c). 
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5.1 First phase: elastic 
When the imposed slip in the loaded end Liδ  is smaller than 1δ  i.e. if 1δδ ≤Li , the governing differential equation 
(Eq. 3.16) solved in the local reference system eox  originating in the leftward unloaded extremity of the transfer length, 
becomes (see Fig. 5.1a): 
( ) ( ) ( ) 10
1
012
2
10
1
J
J
dx
d
J f
e
e
e
f ⋅−
⋅⋅=−⋅
⎥⎥
⎥
⎦
⎤
⎢⎢
⎢
⎣
⎡
⋅− ττ
δτδδ
ττ
δ  (5.1) 
that can be rewritten as: 
( ) 2012
2
2
11
λτδ
δ
λ ⋅⋅=−⋅ Jdx
d e
e
e
 (5.2) 
that results to be a linear differential equation of the second order not homogeneous, with: 
( ) 10121 Jf ⋅−= ττ
δ
λ  (5.3) 
where the latter position is possible since we’ve assumed that 0ττ >f . If this latter hypothesis is abandoned, i.e. if 
0ττ ≤f , Eq. 5.3 is no longer valid and the following equations should be conveniently modified. 
The homogeneous associated to Eq. 5.2, by introducing the position 
exue e ⋅=δ  yields the following characteristic 
equation (Kreyszig 1998): 
011 22 =−⋅uλ  (5.4) 
that has solutions: 
λ±=2/1u  (5.5) 
The general solution of Eq. 5.2, obtained by adding a particular solution of Eq. 5.2 to the solution of the homogenous 
associated is: 
( ) 2 1021 λτδ λλ JeCeCx exeexeee ⋅−⋅+⋅= ⋅−⋅  (5.6) 
and the relevant boundary conditions are: 
( )⎪⎩
⎪⎨
⎧
==
==
Li
e
tr
e
Li
e
ee
Lx
x
δδδ
δ
at    
0at    0  (5.7) 
that, after substitution, become: 
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⎪⎪⎩
⎪⎪⎨
⎧
=⋅−⋅+⋅
⋅=+
⋅−⋅
Li
e
trLe
e
trLe
ee
JeCeC
JCC
δλ
τ
λ
τ
λλ
2
10
21
2
10
21
 (5.8) 
Solving the system of equations Eq. 5.8, the expressions of the above constants can be obtained like follows: 
e
trL
e
trL
e
trL
Li
e
ee
eJC
⋅−⋅
⋅−
−
⋅⎥⎦
⎤⎢⎣
⎡ ⎟⎠
⎞⎜⎝
⎛ −⋅⋅+=
λλ
λ
λ
τδ 112 101  (5.9) 
ee CJC 12
10
2 −⋅= λ
τ
 (5.10) 
And the first and second order derivatives of Eq. 5.6: 
exeexe
e
e
eCeC
dx
d ⋅−⋅ ⋅⋅−⋅⋅= λλ λλδ 21  (5.11) 
exeexe
e
e
eCeC
dx
d ⋅−⋅ ⋅⋅+⋅⋅= λλ λλδ 22212
2
 (5.12) 
From which the expression for determining the strip axial stress and the tangential stress along the strip can be 
determined as follows: 
( ) ⎥⎦⎤⎢⎣⎡ ⋅⋅−⋅⋅⋅= ⋅−⋅ exeexeee eCeCJx λλ λλσ 212  (5.13) 
( ) ⎥⎦⎤⎢⎣⎡ ⋅⋅+⋅⋅⋅= ⋅−⋅ exeexeee eCeCJx λλ λλτ 22213  (5.14) 
The expression of the transfer length as function of the imposed slip can be obtained by imposing the following 
equilibrium condition: 
( ) ( )etrff
e
trL
eee
p LAdxxL στ ⋅=⋅⋅∫
0
 (5.15) 
Substituting the relevant quantities, the left-hand member of Eq. 5.15 becomes: 
⎥⎦
⎤⎢⎣
⎡ ⋅+⋅−⋅⋅−⋅⋅⋅⋅+⋅
⋅⋅⋅=⎥⎥⎦
⎤
⎢⎢⎣
⎡⋅⋅ ⋅−⋅ λλλλδ λλ eeetrLeetrLe
ccff
ccff
e
trL
e
e
p CCeCeCEAEA
EAEA
dx
dJL 2121
0
3  (5.16) 
And the right-hand member: 
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( ) ⎥⎦⎤⎢⎣⎡ ⋅⋅−⋅⋅⋅⋅+⋅ ⋅⋅⋅=⋅⋅=⋅ ⋅−⋅ etrLeetrLeccff ccffetrLe
e
f
e
trff eCeCEAEA
EAEA
dx
dJALA λλ λλδσ 212  (5.17) 
Thus, by considering the above Eqs. 5.16 and 5.17, Eq. 5.15 becomes: 
021 =⋅+⋅ λλ ee CC  (5.18) 
that, after substituting the expressions of the constants as functions of the imposed slip yields: 
011
11
2
10
2
10
2
10
=⎪⎭
⎪⎬
⎫
⎪⎩
⎪⎨
⎧
⎥⎦
⎤⎢⎣
⎡ ⎟⎠
⎞⎜⎝
⎛ −⋅⋅+⋅
−
−⋅⋅
+⎥⎦
⎤⎢⎣
⎡ ⎟⎠
⎞⎜⎝
⎛ −⋅⋅+⋅
−
−
⋅−
⋅−⋅
⋅−
⋅−⋅
e
trL
Lie
trL
e
trL
e
trL
Lie
trL
e
trL
eJ
ee
J
eJ
ee
λ
λλ
λ
λλ
λ
τδλ
τλ
λ
τδ
 (5.19) 
The above Eq. 5.19 yields: 
012 2
10
2
10 =⋅⋅+⎥⎦
⎤⎢⎣
⎡ ⎟⎠
⎞⎜⎝
⎛ −⋅⋅+⋅
−
− ⋅−
⋅−⋅ λ
τλλ
τδ λ
λλ
JeJ
ee
e
trL
Lie
trL
e
trL
 (5.20) 
and, it can be rewritten as: 
 e
e
trLe
e
trLe BeAeA =⋅+⋅ ⋅−⋅ λλ  (5.21) 
with: 
2
10
2 λ
τ
⋅
⋅= JAe  (5.22) 
2
10
λ
τδ JB Lie ⋅+=  (5.23) 
And, introducing the hyperbolic cosine, Eq. 5.21 can be rewritten as: 
( ) eetre BLA =⋅⋅⋅ λcosh2  (5.24) 
from which it can be derived: 
( ) ( ) e
e
Li
e
trLitr A
BLL ⋅⋅== 2arcosh
1
λδδ  (5.25) 
The value of force transferred by bond to the surrounding concrete, along the transfer length ( )LietrL δ  can be 
determined like follows: 
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( ) ( ) e
e
trL
ee
pLi
ebd dxxLV ⋅⋅= ∫
0
, τδ  (5.26) 
The transfer length at the end of the elastic phase 1trL  and the corresponding value of force transferred to concrete 
bdV1 , 
both invariants for given input parameters, are obtained respectively by Eq. 5.25 and 5.26 imposing 1δδ =Li : 
( ) ( )111,1    and   δδ etrtrebdbd LLVV ==  (5.27) 
 
5.2 Second phase: softening 
When the imposed slip is 21 δδδ Li ≤<  the solving differential equation, limited to the amount of the total transfer 
length being in the softening phase, becomes (see Fig. 5.1b): 
12
11
2
2
2
1 δβ
τδδβ +
⋅=+⋅ J
dx
d s
s
s
 (5.28) 
with: 
( )
( ) 121
12
2
1
J⋅−
−= ττ
δδ
β  (5.29) 
The homogeneous associated to Eq. 5.28 yields, after assuming 
sxus e ⋅=δ , the following characteristic equation: 
011 22 =+⋅uβ  (5.30) 
with solution: 
iu ⋅±= β2/1  (5.31) 
and the solution of the homogeneous results to be: 
 ( ) ( )sssss xCxC ⋅⋅+⋅⋅= ββδ cossin 21  (5.32) 
A particular solution of Eq. 5.28 is: 
12
11 δβ
τδ +⋅= Js  (5.33) 
Thus, the general solution of Eq. 5.28 is given by: 
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( ) ( ) ( ) 12 1121 cossin δβτββδ +⋅+⋅⋅+⋅⋅= JxCxCx ssssss  (5.34) 
and the boundary conditions, for a reference system sox  that originates at the point of the bond length in 
correspondence of which slip results equal to 1δ , are: 
⎪⎩
⎪⎨
⎧
==
==
s
tr
s
Li
s
ss
Lx
x
at    
0at    1
δδ
δδ  (5.35) 
From the above system of equations, Eq. 5.35, by substituting Eq. 5.34, it results: 
( ) ( )[ ]⎭⎬⎫⎩⎨⎧ −⋅⋅⋅+−⋅⋅= 1cossin 1 2 1111 strListrs LJLC ββτδδβ  (5.36) 
2
11
2 β
τ JC s ⋅−=  (5.37) 
The first and second order derivatives of Eq. 5.34: 
( ) ( )ssssss xCxCdxd ⋅⋅⋅−⋅⋅⋅= ββββδ sincos 21  (5.38) 
( ) ( )ssss
s
s
xCxC
dx
d ⋅⋅⋅−⋅⋅⋅−= ββββδ cossin 22212
2
 (5.39) 
From which the expression for determining the strip axial stress and the tangential stress along the strip can be 
determined as follows: 
( ) ( ) ( )[ ]ssssss xCxCJx ⋅⋅⋅−⋅⋅⋅⋅= ββββσ sincos 212  (5.40) 
( ) ( ) ( )[ ]ssssss xCxCJx ⋅⋅⋅−⋅⋅⋅−⋅= ββββτ cossin 22213  (5.41) 
By imposing the following equilibrium condition: 
( ) ( )strff
s
trL
sss
p
bd LAdxxLV στ ⋅=⋅⋅+ ∫
0
1  (5.42) 
the following equation for determining the amount of transfer length undergoing softening as function of the imposed 
slip can be obtained: 
( ) ( ) sstrsstrs CLBLA =⋅⋅−⋅⋅ ββ cossin  (5.43) 
with: 
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bds VA 1=  (5.44) 
β
τ 11
3
JLJB p
s ⋅⋅⋅=  (5.45) 
⎟⎟⎠
⎞
⎜⎜⎝
⎛ ⋅−−⋅⋅⋅= 2 1113 β
τδδβ JLJC Lips  (5.46) 
Eq. 5.43 is a linear trigonometric equation that can be solved by a tricky expedient i.e.: both sides can be divided by 
22 ss BA + : 
 ( ) ( )
222222
cossin
ss
s
s
tr
ss
s
s
tr
ss
s
BA
CL
BA
BL
BA
A
+
=⋅⋅
+
−⋅⋅
+
ββ  (5.47) 
It can be easily observed that the following expressions are valid: 
22
cos
ss
s
BA
A
+
=ϕ  (5.48) 
22
sin
ss
s
BA
B
+
=ϕ  (5.49) 
Thus, former Eq. 5.47 can be rewritten as: 
( ) ( )
22
cossinsincos
ss
s
s
tr
s
tr
BA
CLL
+
=⋅⋅−⋅⋅ βϕβϕ  (5.50) 
from which it descends: 
( )
22
sin
ss
s
s
tr
BA
CL
+
=−⋅ ϕβ  (5.51) 
and the expression of the transfer length ( )ListrL δ  corresponding to the amount of the infinite bond length undergoing 
softening can be obtained: 
( ) ( ) ( ) ⎥⎥
⎥
⎦
⎤
⎢⎢
⎢
⎣
⎡
+
+⋅=
22
arcsin1
ss
s
Li
s
tr
BA
CL ϕβδ  (5.52) 
The overall transfer length, for 21 δδδ Li ≤< , results to be: 
( ) ( )ListrtrLitr LLL δδ += 1  (5.53) 
and the value of force transferred by bond to the surrounding concrete: 
Shear Strengthening of RC beams by means of NSM strips: a proposal for modeling debonding 
 
 
23           Vincenzo Bianco, Joaquim Barros and Giorgio Monti 
( ) ( ) ( ) sstrL sspbdLisbdbdLibd dxxLVVVV ⋅⋅+=+= ∫
0
1
,
1 τδδ  (5.54) 
The maximum value of the transfer length that can be subject to softening and the relevant value of the force transferred 
to the surrounding concrete are the following invariants: 
( ) ( )2,222    and   δδ sbdbdstrtr VVLL ==  (5.55) 
 
5.3 Third phase: softening friction 
For an imposed end slip Liδ  resulting 32 δδδ Li ≤<  Eq. 3.16 becomes: 
( ) 32221 δδδγ =+⋅ sfsfsf
sf
x
dx
d  (5.56) 
with: 
( )
12
23
2
1
J⋅
−= τ
δδ
γ  (5.57) 
The characteristic equation of the homogeneous associated to Eq. 5.56 is:  
011 22 =+⋅uγ  (5.58) 
with solution: 
 iu ⋅±= γ2/1  (5.59) 
and the solution of the homogeneous results to be: 
( ) ( )sfsfsfsfsf xCxC ⋅⋅+⋅⋅= γγδ cossin 21   (5.60) 
A particular solution of Eq. 5.56 is: 
3δδ =sf  (5.61) 
Thus, the general solution of Eq. 5.56 is given by: 
( ) ( ) ( ) 321 cossin δγγδ +⋅⋅+⋅⋅= sfsfsfsfsfsf xCxCx  (5.62) 
and the boundary conditions, for a reference system sfox  that originates at the point of the infinite bond length in 
correspondence of which slip results equal to 2δ , are: 
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⎪⎩
⎪⎨
⎧
==
==
sf
tr
sf
Li
sf
sfsf
Lx
x
at    
0at    2
δδ
δδ  (5.63) 
From the above system of equations, Eq. 5.35, by substituting Eq. 5.34, it results: 
( ) ( ) ( )[ ]sftrLisftrsf LLC ⋅⋅−+−⋅⋅= γδδδδγ cossin 1 2331  (5.64) 
322 δδ −=sfC  (5.65) 
The first and second order derivatives of Eq. 5.62: 
( ) ( )sfsfsfsfsfsf xCxCdxd ⋅⋅⋅−⋅⋅⋅= γγγγδ sincos 21  (5.66) 
( ) ( )sfsfsfsf
sf
sf
xCxC
dx
d ⋅⋅⋅−⋅⋅⋅−= γγγγδ cossin 22212
2
 (5.67) 
From which the expression for determining the strip axial stress and the tangential stress along the strip can be 
determined as follows: 
( ) ( ) ( )[ ]sfsfsfsfsfsf xCxCJx ⋅⋅⋅−⋅⋅⋅⋅= γγγγσ sincos 212  (5.68) 
( ) ( ) ( )[ ]sfsfsfsfsfsf xCxCJx ⋅⋅⋅−⋅⋅⋅−⋅= γγγγτ cossin 22213  (5.69) 
By imposing the following equilibrium condition: 
( ) ( )sftrff
sf
trL
sfsfsf
p
bdbd LAdxxLVV στ ⋅=⋅⋅++ ∫
0
21  (5.70) 
the following equation for determining the amount of transfer length undergoing softening friction as function of the 
imposed slip can be obtained: 
( ) ( ) sfsftrsfsftrsf CLBLA =⋅⋅−⋅⋅ γγ cossin  (5.71) 
with: 
bdbdsf VVA 21 +=  (5.72) 
( )233 δδγ −⋅⋅⋅= psf LJB  (5.73) 
( )33 δδγ −⋅⋅⋅= Lipsf LJC  (5.74) 
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Eq. 5.71 is a linear trigonometric equation that can be solved by a tricky expedient i.e.: both sides can be divided by 
22 sfsf BA + : 
 ( ) ( )
222222
cossin
sfsf
sf
sf
tr
sfsf
sf
sf
tr
sfsf
sf
BA
CL
BA
BL
BA
A
+
=⋅⋅
+
−⋅⋅
+
γγ  (5.75) 
It can be easily observed that the following expressions are valid: 
22
cos
sfsf
sf
BA
A
+
=ψ  (5.76) 
22
sin
sfsf
sf
BA
B
+
=ψ  (5.77) 
Thus, former Eq. 5.75 can be rewritten as: 
( ) ( )
22
cossinsincos
sfsf
sf
sf
tr
sf
tr
BA
CLL
+
=⋅⋅−⋅⋅ γψγψ  (5.78) 
from which it descends: 
( )
22
sin
sfsf
sf
sf
tr
BA
CL
+
=−⋅ ψγ  (5.79) 
and the expression of the transfer length ( )LisftrL δ  corresponding to the amount of the infinite bond length undergoing 
softening can be obtained: 
( ) ( ) ( ) ⎥⎥
⎥
⎦
⎤
⎢⎢
⎢
⎣
⎡
+
+⋅=
22
arcsin1
sfsf
sf
Li
sf
tr
BA
CL ψγδ  with ( ) ( )22arcsin sfsf
sf
BA
B
+
=ψ  (5.80) 
The overall transfer length, for 21 δδδ Li ≤< , results to be: 
( ) ( )LisftrtrtrLitr LLLL δδ ++= 21  (5.81) 
and the value of force transferred by bond to the surrounding concrete: 
( ) ( ) ( ) sf
sf
trL
sfsf
p
bdbd
Li
sfbdbdbd
Li
bd dxxLVVVVVV ⋅⋅++=++= ∫
0
21
,
21 τδδ  (5.82) 
The maximum value of the transfer length that can be subject to softening and the relevant value of the force transferred 
to the surrounding concrete are the following invariants: 
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( ) ( )2,222    and   δδ sbdbdstrtr VVLL ==  (5.83) 
The maximum value of the infinite bond length that can be subject to softening friction and the relevant value of the 
force transferred to the surrounding concrete are: 
( ) ( )3,333    and   δδ sfbdbdsftrtr VVLL ==  (5.84) 
 
5.4 Fourth phase: free slipping 
When the imposed slip is larger than the value in correspondence of which free slipping begins, i.e. if it is 3δδ >Li , the 
solving differential equation becomes (see Fig. 5.2): 
02
2
=
fs
fs
dx
d δ  (5.85) 
The expression for the interfacial slip is: 
( ) fsfsfsfsfs CxCx 21 +⋅=δ  (5.86) 
and the boundary conditions, for a reference system fsox  that originates at the point of the bond length in 
correspondence of which slip results equal to 3δ , are: 
⎪⎩
⎪⎨
⎧
==
==
fs
tr
fs
Li
fs
fsfs
Lx
x
at    
0at    3
δδ
δδ
 (5.87) 
The constants of integration are: 
fs
tr
Lifs
L
C 31
δδ −=  (5.88) 
32 δ=fsC  (5.89) 
The first and second order derivatives of Eq. 5.86: 
fs
fs
fs
C
dx
d
1=δ  (5.90) 
02
2
=
fs
fs
dx
d δ  (5.91) 
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Fig. 5.2 – Free Slipping phase of the debonding process for an infinite bond length: distribution 
of slip, bond stress, strip axial stress and force transferred to the surrounding concrete along the 
transfer length. 
 
From Eqs. 5.90 and 5.91, the expression for determining the strip axial stress and the tangential stress along the strip 
can be determined as follows: 
( ) constant12 =⋅= fsfsfs CJxσ  (5.92) 
( ) 0=fsfs xτ  (5.93) 
By imposing the following equilibrium condition: 
( )fstrfsfbdbdbd LAVVV σ⋅=++ 321  (5.94) 
the following equation for determining the amount of transfer length ( )LifstrL δ  undergoing softening friction as function 
of the imposed slip can be obtained: 
( ) bdbdbd LipLifstr VVVLJL 321
3
3 ++
−⋅⋅= δδδ  (5.95) 
The overall transfer length, for 3δδLi > , results to be: 
( ) ( )LifstrtrtrtrLitr LLLLL δδ +++= 321  (5.96) 
and the value of force transferred by bond to the surrounding concrete: 
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( ) bdbdbdLibd VVVV 321 ++=δ  (5.97) 
 
6 Debonding process for a finite bond length 
Once the constants defining the debonding process have been determined as above specified based on the input 
parameters ( 321210 ;;;;;;;;;;; δδδτττcccfff EbaEba ), the values of the transfer length ( )LiRfiitr LL δ;, , the 
corresponding force ( )LiRfibdfi LV δ;  transferred by bond for an imposed slip Liδ  and its progressive value along the 
transfer length ( )triLiRfibdfi xLV ;;δ  can be determined for whatever value of the resisting bond length RfiL  as hereafter 
specified. Debonding propagation can be thought of as a constant “wave” progressing from the loaded end inward 
towards the free extremity of the NSM strip, see Fig. (6.1a). 
b) c)
(x )ee (x )ss (x )sfsf
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(x )ee (x )ss (x )sfsf (x )fsfs
x sfo sf
x so s
x eo e x fso fs
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Li 1 1 3 32(t  )n Li(t     )n+1 Li(t     )n+3 32 Li(t     )n+5 Li(t     )n+6
x tr o tri i
a)
 
Fig. 6.1 – Debonding process for a finite bond length: “bond wave” progressing towards the free 
end (a); analytical increasing rate for free and loaded end slips (b) and experimental trend 
(qualitative) (c). 
 
According to the present formulation, after slip propagation has reached the free extremity, initially the free end slip 
goes on increasing with a lower rate with respect to the imposed slip and successively they continue to increase with the 
same rate. This is shown by Fig. 6.1b, in which progressively thicker lines represent slip distribution along the bond 
length for increasing values of the imposed slip. Actually, experimental evidence (Sena-Cruz 2004, Sena-Cruz and 
Barros 2004) showed that, after the slip started to be felt at the free extremity, it first increased with a lower rate with 
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respect to the loaded end one, than with a higher rate and finally they increased with the same rate (Fig. 6.1c). That 
phenomenon can be ascribed to the elastic recover of the strip along the softening phase. Anyway, neglecting that 
aspect is deemed a reasonable compromise between accuracy and computational ease. Hereinafter, the analytical 
expressions for calculating the transfer length itrL , , the bond transferred force 
bd
fiV , the free end slip Fiδ  and the 
progressive value ( )tribdfi xV  of force transferred to the surrounding concrete as function of the imposed slip Liδ  are 
derived. 
 
6.1 First phase: elastic 
If the imposed slip is 10 δδ ≤< Li  the corresponding value of ( )LitrL δ  is calculated by Eq. 5.25 and then, if 
( )LitrRfi LL δ≥ , it is (cases a-d in Fig. 6.2): 
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and if ( )LitrRfi LL δ< , it is (cases e-f in Fig. 6.2): 
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Fig. 6.2 – Possible configurations of bond stress with respect to finite value of resisting bond length and relative transfer length for an imposed 
slip 10 δδ ≤≤ Li . 
 
 
6.2 Second phase: softening 
If the imposed slip is 21 δδδ ≤< Li  the corresponding value of ( )LitrL δ  is calculated by Eq. 5.53 and then, if 
( )LitrRfi LL δ≥ , it is (cases a-d in Fig. 6.3): 
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 (6.3) 
If ( )LitrRfi LL δ<  and ( ) 1trRfiLitr LLL <−δ , it is (cases e and h in Fig. 6.3): 
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(6.4) 
If ( )LitrRfi LL δ<  and ( ) 1trRfiLitr LLL ≥−δ , it is (cases f, g and i in Fig. 6.3): 
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Fig. 6.3 – Possible configurations of bond stress with respect to finite resisting bond length and relative transfer length for an imposed 
slip 21 δδδ ≤< Li . 
 
6.3 Third phase: softening friction 
If the imposed slip is 32 δδδ ≤< Li , the corresponding value of ( )LitrL δ  is calculated by Eq. (4.81) and then, if  
( )LitrRfi LL δ≥  it is (cases a and b in Fig. 6.4): 
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(6.6) 
If ( )LitrRfi LL δ<  and ( ) 1trRfiLitr LLL <−δ , it is (case c in Fig. 6.4) : 
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(6.7) 
If ( )LitrRfi LL δ<  and ( ) ( )211 trtrRfiLitrtr LLLLL +≤−≤ δ , it is (cases d and e in Fig. 6.4): 
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If ( )LitrRfi LL δ<  and ( ) ( ) ( )32121 trtrtrRfiLitrtrtr LLLLLLL ++≤−<+ δ , it is (case f in Fig. 6.4): 
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Fig. 6.4 – Possible configurations of bond stress with respect to finite resisting bond length and relative transfer length for an imposed 
slip 32 δδδ ≤< Li . 
 
6.4 Fourth phase: free slipping 
If the imposed slip is 3δδ >Li , the corresponding value of ( )LitrL δ  is calculated by Eq. 5.95 and then, if 
( )LitrRfi LL δ≥  it is (cases a and b in Fig. 6.5): 
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(6.10) 
If ( )LitrRfi LL δ<  and ( ) 1trRfiLitr LLL <−δ , it is (case c in Fig. 6.5): 
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If ( )LitrRfi LL δ<  and ( ) ( )211 trtrRfiLitrtr LLLLL +≤−≤ δ , it is (case d in Fig. 6.5): 
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If ( )LitrRfi LL δ<  and ( ) ( ) ( )32121 trtrtrRfiLitrtrtr LLLLLLL ++≤−<+ δ , it is (case e in Fig. 5.5): 
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If ( )LitrRfi LL δ<  and ( ) ( )321 trtrtrRfiLitr LLLLL ++>−δ , it is (case f in Fig. 5.5): 
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Fig. 6.5 – Possible configurations of bond stress with respect to finite resisting bond length and 
relative transfer length for an imposed slip 3δδ >Li . 
 
7 Appraisal of the Model 
The modeling strategy outlined above was appraised on the basis of the experimental results of the pull-out bending 
tests carried out by Sena-Cruz and Barros (2004). In that experimental program, those authors intentionally employed 
fiber reinforced concrete to avoid concrete fracture and force debonding to occur. Comparisons between the analytical 
and experimental results for the specimens tested in that occasion are plotted in Figs. 7.1 to 7.3. The generic label 
adopted in that occasion for each series, composed by three specimens, was BW_fcmXX_LbYY where W is the ordinal 
number of the specimen composing that series, XX is the concrete compression strength in MPa and YY is the resisting 
bond length in mm. The comparison regards both the relationship between force and imposed slip and force versus free 
end slip. From those comparisons a satisfactory data-fitting performance of the proposed model arises. The assumed 
values of the parameters entering the adopted bond stress-slip relationship were (Table 7.1): 0τ  equal to 3.0 MPa, 1τ  
ranging from 16.5 to 25.0 MPa, 2τ  from 7.5 to 11.5 MPa, 1δ  from 0.06 to 0.20 mm, 2δ  from 0.50 to 1.40 mm and 3δ  
from 13.0 to 19.0 mm. The variation of those parameters is due to the inevitable disturbance affecting the experimental 
results and attributable, for the cases herein examined, to the dissymmetry of the position of the strip cross section with 
respect to the groove’s and/or some irregularities in the adhesive layer or on either the concrete surface or the composite 
surface.  
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Table 7.1 – Values for the bond parameters regarding the specimens tested by Sena and Barros (2004).  
specimen 
cmf  
MPa 
0τ  
MPa 
1τ  
MPa 
2τ  
MPa 
1δ  
mm 
2δ  
mm 
3δ  
mm 
RfiL  
mm 
fcm35_Lb40 35.0 3.0 19.5 9.0 0.06 0.85 15.0 40.0 
fcm35_Lb60 35.0 3.0 21.0 8.0 0.06 0.75 18.0 60.0 
fcm35_Lb80 35.0 3.0 21.5 9.0 0.06 0.50 19.0 80.0 
fcm45_Lb40 45.0 3.0 21.0 11.5 0.06 0.80 15.0 40.0 
fcm45_Lb60 45.0 3.0 18.0 7.5 0.06 0.90 13.0 60.0 
fcm45_Lb80 45.0 3.0 25.0 8.5 0.20 0.60 13.0 80.0 
fcm70_Lb40 70.0 3.0 19.50 9.5 0.06 1.40 13.0 40.0 
fcm70_Lb60 70.0 3.0 16.50 8.5 0.06 0.90 13.0 60.0 
fcm70_Lb80 70.0 3.0 19.50 10.0 0.06 0.70 13.0 80.0 
For all of the specimens, the FRP strip’s section was 1.4 mm thick and 10.0 mm wide. The FRP’s 
Young’s Modulus was 166.6 GPa and the concrete cross section was 150 mm thick and 150 mm wide. 
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c) 
Fig. 7.1 – Appraisal of the proposed model for the pull-out tests by Sena-Cruz and Barros (2004) for 
specimens: fcm35_Lb40 a), fcm35_Lb60 b) and fcm35_Lb80 c). 
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c) 
Fig. 7.2 – Appraisal of the proposed model for the pull-out tests by Sena-Cruz and Barros 
(2004) for specimens: fcm45_Lb40 a), fcm45_Lb60 b) and fcm45_Lb80 c). 
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c) 
Fig. 7.3 – Appraisal of the proposed model for the pull-out tests by Sena-Cruz and Barros 
(2004) for specimens: fcm70_Lb40 a), fcm70_Lb60 b) and fcm70_Lb80 c). 
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8 Parametric analyses 
A parametric study was carried out to evaluate the influence on the maximum force transmissible by bond bdfiV  for the 
following values of the involved parameters (see Table 8.1): RfiL  ranging from 40 to 1000 mm, fa  from 1.4 to 5.4 mm, 
fb  from 10 to 30 mm, fE  from 150 to 250 GPa, cmf  from 20 to 70 MPa, 0τ  from 0.5 to 5.0 MPa, 1τ  from 9 to 30 
MPa, 1δ  from 0.05 to 0.75 mm. The results are show in Figs. 8.1 and 8.2. From those analyses it arises that higher 
Young’s Modulus of either FRPs or concrete yield a negligible increase of peak load transmissible by bond (Fig. 8.1a-
b). The increase of peak load is more significant for increased dimensions of the strip cross section (Fig. 8.1c-d), mainly 
the height of the strip. The peak load increases by increasing the resisting bond length up to a certain value beyond 
which any further increase does not produce any further gain in terms of resistance (Fig. 8.2a). That threshold value of 
length, according to the terminology already adopted for EBR, can be labelled as “effective bond length”. In the same 
Fig. 8.2a, the values of the maximum force transferable due to concrete fracture cffiV  and to tensile rupture of the strip 
tr
fiV  are also plotted. The term 
cf
fiV  was calculated assuming a value of 30° for the angle between the axis and the 
generatrices of the semi-conical shaped fracture surface. From that plot, it emerges that, it can happen that concrete 
fracture and tensile rupture of the strip can be the commanding failure modes and debonding term can be completely 
unimportant.  
As regards more specifically the influence of the parameters characterizing the local bond stress slip relationship, it 
arises that the peak load slightly decreases by increasing the value of 0τ  (Fig. 8.2b). Peak force increases by increasing 
1τ  and decreases by increasing the relevant slip 1δ  (Fig. 8.2c-d). 
 
Table 8.1 – Values for the bond parameters regarding the specimens tested by Sena and Barros (2004).  
 
study 
fa  
mm 
fb  
mm 
ca  
mm 
cb  
mm 
fE  
GPa 
cmf  
MPa 
0τ  
MPa 
1τ  
MPa 
2τ  
MPa 
1δ  
mm 
2δ  
mm 
3δ  
mm 
RfiL  
mm 
1 1.4 10.0 15.0 15.0 150-250 35.0 3.0 20.5 8.5 0.04 0.8 20.0 40.0 
2 1.4 10.0 15.0 15.0 166.6 20-70 3.0 20.5 8.5 0.04 0.8 20.0 40.0 
3 1.4-5.4 10.0 15.0 15.0 166.6 35.0 3.0 20.5 8.5 0.04 0.8 20.0 40.0 
4 1.4 10-30 15.0 15.0 166.6 35.0 3.0 20.5 8.5 0.04 0.8 20.0 40.0 
5* 1.4 10.0 15.0 15.0 166.6 35.0 3.0 20.5 8.5 0.04 0.8 20.0 5-1000 
6 1.4 10.0 15.0 15.0 166.6 35.0 0.5-5.0 20.5 8.5 0.04 0.8 20.0 40.0 
7 1.4 10.0 15.0 15.0 166.6 35.0 3.0 9.0-30.0 8.5 0.04 0.8 20.0 40.0 
8 1.4 10.0 15.0 15.0 166.6 35.0 3.0 20.5 8.5 0.05-0.75 0.8 20.0 40.0 
* for that case, the concrete fracture strength cffiV  was evaluated assuming °= 30α  and the tensile rupture based term, trfiV  assuming strips’ tensile 
strength of 3.774 GPa. 
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Fig. 8.1 – Parametric study: influence of the FRPs’ Young’s Modulus (a), concrete Young’s 
Modulus (b), strips’ thickness (c) and width (d) on the maximum value of the force transmissible by 
bond. 
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Fig. 8.2 – Parametric study: influence of strip resisting bond length (a), the parameter 0τ (b), the 
parameter 1τ  (c) and 1δ  (d) on the maximum value of the force transmissible by bond. 
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9 Conclusions 
The need to improve an already existing analytical model developed to predict the NSM FRP strips’ shear strength 
contribution to RC beams, led to further address some issues related to debonding failure mode and the interaction 
between bond-based force transfer and concrete semi-conical tensile fracture. Due to the relative novelty of the 
employment of powerful adhesives in the ambit of structural engineering, the necessity arises to further investigate the 
micromechanical and chemical properties of the materials involved. A new physical-mechanical interpretation of 
debonding process and a corresponding simplified analytical model of the local bond stress-slip relationship were 
proposed. The entire debonding process was described and closed-form analytical expressions to be implemented in the 
model for shear were derived. The comparison between the analytical predictions and some of the most accredited 
experimental results available to date, showed the high level of accuracy of the proposed model. The influence of the 
main geometrical and mechanical parameters on the maximum value of the force transferred by bond was also 
investigated. 
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